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Ferrimagnetism of MnV2O4 spinel
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Department of Physics, University of Sofia, 1164 Sofia, Bulgaria
The spinelMnV2O4 is a two-sublattice ferrimagnet, with site A occupied by theMn
2+ ion and site
B by the V 3+ ion. The magnon of the system, the transversal fluctuation of the total magnetization,
is a complicated mixture of the sublattice A and B transversal magnetic fluctuations. As a result,
the magnons’ fluctuations suppress in a different way the manganese and vanadium magnetic orders
and one obtains two phases. At low temperature (0, T ∗) the magnetic orders of the Mn and V
ions contribute to the magnetization of the system, while at the high temperature (T ∗, TN ), the
vanadium magnetic order is suppressed by magnon fluctuations, and only the manganese ions have
non-zero spontaneous magnetization. A modified spin-wave theory is developed to describe the two
phases and to calculate the magnetization as a function of temperature. The anomalousM(T ) curve
reproduces the experimentally obtained ZFC magnetization.
PACS numbers: 75.50.Gg, 75.30.Ds, 75.60.Ej, 75.50.-y
This Letter is inspired from the experimental measure-
ments of the ZFC magnetization ofMnV2O4[1, 2, 3]. The
profile of the experimental curve reproduces the anoma-
lous magnetization curve predicted by L. Neel [4, 5] for
ferrimagnets with equal sublattice spins. This stimulates
to model the manganese vanadate spinel in the spirit of
the Neel’s theory. By comparing and contrasting ZFC
and FC magnetization one gains insight into a magnetism
of the manganese vanadate oxide.
The spinel MnV2O4 is a two-sublattice ferrimagnet,
with site A occupied by the Mn2+ ion, which is in the
3d5 high-spin configuration with quenched orbital an-
gular momentum, which can be regarded as a simple
s = 5/2 spin. The B site is occupied by the V 3+ ion,
which takes the 3d2 high-spin configuration in the triply
degenerate t2g orbital, and has orbital degrees of freedom.
The measurements show that the set in of the magnetic
order is at Neel temperature TN = 56K [1], and that
the magnetization has a maximum near T ∗ = 50K. Be-
low this temperature the magnetization sharply decreases
and goes to zero when temperature approaches zero.
We consider a system which obtains its magnetic prop-
erties from Mn and V magnetic moments. It is shown
that the true magnons in this system, which are the
transversal fluctuations corresponding to the total mag-
netization, are complicated mixtures of the Mn and
V transversal fluctuations. The magnons interact with
manganese and vanadium ions in a different way, and the
magnons fluctuations suppress the Mn and V ordered
moments at different temperatures. As a result, the fer-
rimagnetic phase is divided into two phases: low temper-
ature phase 0 < T < T ∗, where the magnetic orders of
the Mn and V ions contribute to the magnetization of
the system, and high temperature phase (T ∗, TN ), where
the vanadium magnetic order is suppressed by magnon
fluctuations, and only the manganese ions have non-zero
spontaneous magnetization. A modified spin-wave the-
ory is developed to describe the two phases and to cal-
culate the magnetization as a function of temperature.
The anomalous M(T ) curve reproduces the experimen-
tally obtained ZFC magnetization [2, 3].
Because of the strong spin-orbital interaction it is con-
venient to consider jj coupling with JA = SA and
J
B = LB + SB. The sublattice A total angular mo-
mentum is jA = sA = 5/2, while the sublattice B total
angular momentum is jB = lB + sB, and sublattice A
magnetic order is antiparallel with sublattice B one. In
the simplest case one can consider lB = 1 and sB = 3/2.
Then, the g-factor for the sublattice A is gA = 2, and the
atomic value of the gB is gB = 1.6. The saturated magne-
tization is σ = 2 52 − 1.6
5
2 . The experimental curve shows
that the magnetization goes to zero when the tempera-
ture approaches zero, which indicates that the real value
of gB is not the atomic one but gB ≈ 2. The deviation is
due to the anisotropy which increases the gB-factor [5].
The Hamiltonian of the system is
H = −κA
∑
≪ij≫A
J
A
i · J
A
j − κB
∑
≪ij≫B
J
B
i · J
B
j
+ κ
∑
〈ij〉
J
A
i · J
B
j (1)
where the sums are over all sites of a three-dimensional
cubic lattice: 〈i, j〉 denotes the sum over the near-
est neighbors, ≪ i, j ≫A(B) denotes the sum over the
sites of A(B) sublattice. The first two terms describe
the ferromagnetic Heisenberg intra-sublattice exchange
κA > 0, κB > 0, while the third term describes the inter-
sublattice exchange which is antiferromagnetic κ > 0.
To proceed we use the Holstein-Primakoff representa-
tion of the total angular momentum vectors JAj (a
+
j , aj)
and JBj (b
+
j , bj), where a
+
j , aj and b
+
j , bj are Bose fields.
In terms of these fields and keeping only the quadratic
and quartic terms, the effective Hamiltonian Eq.(1)
adopts the form , H = H2 +H4 where
H2 = jAκA
∑
≪ij≫A
(
a+i ai + a
+
j aj − a
+
j ai − a
+
i aj
)
+ jBκB
∑
≪ij≫B
(
b+i bi + b
+
j bj − b
+
j bi − b
+
i bj
)
(2)
2+ κ
∑
〈ij〉
[
jAb
+
j bj + jBa
+
i ai −
√
jAjB
(
a+i b
+
j + aibj
)]
H4 =
1
4
κA
∑
≪ij≫A
[
a+i a
+
j (ai − aj)
2 + (a+i − a
+
j )
2aiaj
]
+
1
4
κB
∑
≪ij≫B
[
b+i b
+
j (bi − bj)
2 + (b+i − b
+
j )
2bibj
]
+
1
4
κ
∑
〈ij〉
[√
jA
jB
(
aib
+
j bjbj + a
+
i b
+
j b
+
j bj
)
(3)
+
√
jB
jA
(
a+i aiaibj + a
+
i a
+
i aib
+
j
)
− 4a+i aib
+
j bj
]
and the terms without operators are dropped.
The next step is to represent the Hamiltonian in
Hartree-Fock approximationH ≈ HHF = Hcl+Hq where
Hcl = 12NκAj
2
A(uA − 1)
2 + 12NκBj
2
B(uB − 1)
2
+ 6NκjAjB(u − 1)
2 (4)
where N = NA = NB is the number of sites on a sub-
lattice. The Hamiltonian Hq can be obtained from the
Hamiltonian Eq.(2) replacing κA with κAuA, κB with
κBuB and κ with κu, where uA, uB and u are Hartree-
Fock parameters, to be determined self-consistently. It
is convenient to rewrite the Hamiltonian in momentum
space representation
Hq =
∑
k∈Br
[
εak a
+
k ak + ε
b
k b
+
k bk − γk
(
a+k b
+
k + bkak
) ]
,
(5)
where the wave vector k runs over the reduced first Bril-
louin zone Br of a cubic lattice. The dispersions are given
by equalities
εak = 4jA κA uAεk + 6jB κu (6)
εbk = 4jB κB uBεk + 6jA κu
γk = 2κu
√
jA jB (cos kx + cos ky + cos kz)
with εk = 6− cos(kx+ky)− cos(kx−ky)− cos(kx+kz)−
cos(kx − kz)− cos(ky + kz)− cos(ky − kz).
To diagonalize the Hamiltonian one introduces new
Bose fields αk, α
+
k , βk, β
+
k by means of the transforma-
tion
ak = uk αk + vk β
+
k , bk = uk βk + vk α
+
k (7)
with coefficients uk and vk real functions of the wave
vector k
uk =
√√√√√1
2

 εak + εbk√
(εak + ε
b
k)
2 − 4γ2k
+ 1

, (8)
vk = sign(γk)
√
u2k − 1. The transformed Hamiltonian
adopts the form
Hq =
∑
k∈Br
(
Eαk α
+
k αk + E
β
k β
+
k βk + E
0
k
)
, (9)
with new dispersions Eαk = E
+
k , E
β
k = E
−
k where
E±k =
1
2
[√
(εak + ε
b
k)
2 − 4γ2k ± (ε
a
k − ε
b
k)
]
(10)
and vacuum energy
E0k =
1
2
[√
(εak + ε
b
k)
2 − 4γ2k − ε
b
k − ε
a
k
]
(11)
To obtain the system of equations for the Hartree-Fock
parameters we consider the free energy of a system with
Hamiltonian HHF Eqs.(4,9)
F = 12κAj
2
A(uA − 1)
2 + 12κBj
2
B(uB − 1)
2
+ 6κjAjB(u− 1)
2 +
1
N
∑
k∈Br
E0k (12)
+
1
N
∑
k∈Br
[
ln
(
1− e−βE
α
k
)
+ ln
(
1− e−βE
β
k
)]
.
Then the three equations ∂F/∂uA = 0, ∂F/∂uB = 0,
and ∂F/∂u = 0 adopt the form
u1 = 1−
1
6j1
1
N
∑
k∈Br
εk
[
u2k n
α
k + v
2
k n
β
k + v
2
k
]
u2 = 1−
1
6j2
1
N
∑
k∈Br
εk
[
v2k n
α
k + u
2
k n
β
k + v
2
k
]
u = 1−
1
N
∑
k∈Br
[
1
2j1
(
u2k n
α
k + v
2
k n
β
k + v
2
k
)
(13)
+
1
2j2
(
v2k n
α
k + u
2
k n
β
k + v
2
k
)
−
2
3
κu
(
1 + nαk + n
β
k
) (cos kx + cos ky + cos kz)2√
(εak + ε
b
k)
2 − 4γ2k


where nαk and n
β
k are the Bose functions of α and β ex-
citations. Hartree-Fock parameters, the solution of the
system of equations (13), are positive function of T/κ,
u1(T/κ) > 0, u2(T/κ) > 0 and u(T/κ) > 0. Utilizing
these functions, one can calculate the spontaneous mag-
netization MA =< JA3 > and M
B =< JB3 > of Mn
and V ions respectively. In terms of the Bose functions
of the α and β excitations they adopt the form
MA = jA −
1
N
∑
k∈Br
[
u2k n
α
k + v
2
k n
β
k + v
2
k
]
(14)
MB = − jB +
1
N
∑
k∈Br
[
v2k n
α
k + u
2
k n
β
k + v
2
k
]
The magnon excitations in the effective theory are a
complicated mixture of the sublattices’A and B transver-
sal fluctuations. As a result, the magnon fluctuations
suppress in a different way Mn and V magnetic orders.
Quantitatively, this depends on the coefficients uk and
3vk in Eq.(14). At characteristic temperature T
∗ V spon-
taneous magnetization becomes equal to zero, while Mn
spontaneous magnetization is still nonzero. Above T ∗
the system of equations (13) has no solution, and one
has to modify the spin-wave theory.
Once suppressed, the magnetic moment of V ions can-
not be restored increasing the temperature above T*. To
formulate this mathematically we modify the spin-wave
theory using the idea on description of paramagnetic
phase of 2D ferromagnets (T > 0) by means of modi-
fied spin-wave theory [6, 7]. We consider two-sublattice
system and to enforce the magnetic moments on the two
sublattices to be equal to zero in paramagnetic pase we
introduce two parameters λ1 and λ2 [8]. The new Hamil-
tonian is obtained from the old one Eq.(1) adding two
new terms
Hˆ = H −
∑
i∈A
λAJ
A
3i +
∑
i∈B
λBJ
B
3i (15)
In momentum space, the Hamiltonian adopts the form
Eq.(5) with new dispersions εˆak = ε
a
k + λA and εˆ
b
k =
εbk + λB, where the old dispersions are given by equal-
ities (6). We utilize the same transformation Eq.(7) with
coefficients uˆk and vˆk which depend on the new disper-
sions in the same way as the old ones depend on the old
dispersions Eq.(8). In terms of the αk and βk bosons, the
Hamiltonian Hˆq adopts the form Eq.(9) with dispersions
Eˆαk and Eˆ
β
k , which can be written in the form Eq.(10)
replacing εak and ε
b
k with εˆ
a
k and εˆ
b
k.
We have to do some assumptions for parameters λA
and λB to ensure correct definition of the two-boson the-
ory. For that purpose, it is convenient to represent the
parameters in the form λA = 6κjB(µA − 1) λB =
6κjA(µB − 1). In terms of the parameters µA and µB,
the dispersion reads εˆak = 4jAκA εk + 6 κ jBµA εˆ
b
k =
4jB κB εk + 6 κ jAµB. The conventional spin-wave the-
ory is reproduced when µA = µB = 1(λA = λb = 0).
We assume µAand µB to be positive (µA > 0, µB > 0).
Then, εˆak > 0, εˆ
b
k > 0, for all values of the wave-vector k if
the Hartree-Fock parameters are positive too. The Bose
theory is well defined if Eαk ≥ 0, E
β
k ≥ 0. This comes
true if µAµB ≥ 1. In the case µAµB > 1, both αk and
βk bosons are gapped excitations. In the particular case,
µAµB = 1, long-range excitations (magnons) emerge in
the system.
We introduced the parameters λA and λB (µA, µB) to
enforce the sublattice A and B spontaneous magnetiza-
tions to be equal to zero in paramagnetic phase. We
find out the parameters µA and µB, as well as Hartree-
Fock parameters, as functions of temperature, solving the
system of five equations, equations (13) and the equa-
tions MA = MB = 0, where the ordered moments have
the same representation as Eq.(14) but with coefficients
uˆk, vˆk, and dispersions Eˆ
α
k , Eˆ
β
k in the expressions for the
Bose functions. The numerical calculations show that for
high enough temperature µAµB > 1. When the temper-
ature decreases the product µAµB decreases remaining
larger than one. The temperature at which the prod-
uct becomes equal to one (µAµB = 1) is the Neel tem-
perature. Below TN , the spectrum contains long-range
(magnon) excitations, thereupon µAµB = 1. It is conve-
nient to represent the parameters in the following way:
µA = µ, µB = 1/µ. (16)
In ordered phase magnon excitations are origin of sup-
pression of the magnetization. Near the zero temperature
their contribution is small and at zero temperature Mn
and V spontaneous magnetization reach their saturation.
Increasing the temperature magnon fluctuations suppress
the magnetic order of Mn and V ions in different way.
At T ∗ the V spontaneous magnetization becomes equal
to zero. Increasing the temperature above T ∗, the mag-
netic moment of the vanadium ions should be zero. This
is why we impose the condition MB(T ) = 0 if T > T ∗.
For temperatures above T ∗, the parameter µ and the
Hartree-Fock parameters are solution of a system of four
equations, equations (13) and the equation MB = 0. We
utilize the obtained function µ(T ), uA(T ), uB(T ), u(T ) to
calculate the spontaneous magnetization MA of the Mn
ions as a function of the temperature. Above T ∗, MA(T )
is equal to the magnetization of the system.
We consider two-sublattice ferrimagnet with Mn ions
on sublattice A and V ions on sublattice B. The sub-
lattice A total angular moment is jA = sA = 5/2, and
g-factor gA = 2. The sublattice B total angular momen-
tum is jB = lB + sB = 5/2, and g-factor gB = 2 which
is larger then atomic value, because of the anisotropy.
The magnetization of the system gAM
A + gBM
B as a
function of the temperature is depicted in Fig.1 for pa-
rameters κA/κ = 0.6 and κB/κ = 0.01
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FIG. 1: (color online) The magnetization as a function of T/κ
for parameters κA/κ = 0.6 and κB/κ = 0.01
The figure is in a very good agrement with the exper-
imental ZFC magnetization curves [2, 3]. (see Fig.1 [9]).
The anomalous temperature dependence of the magne-
tization, predicted by Neel, is reproduced, but there is
4an important difference between Neel’s theory, interpre-
tation of NMR results [2, 3], and the present modified
spin-wave theory. Neel’s calculations predict a temper-
ature TN at which both the sublattice A and B magne-
tization become equal to zero. The modified spin wave
theory predicts to phases: at low temperatures (0, T ∗)
Mn and V magnetic orders contribute to the magnetiza-
tion of the system, while at high temperatures (T ∗, TN)
only Mn ions have non-zero spontaneous magnetization.
The vanadium electrons start to form magnetic moment
at T ∗, and an evidence for this is the abrupt decrease
of magnetization below T ∗, which also indicates that the
magnetic order of vanadium electrons is anti-parallel with
the order of Mn electrons.
Two ferromagnetic phases where theoretically pre-
dicted, very recently, in spin-Fermion systems, which
obtain their magnetic properties from a system of lo-
calized magnetic moments being coupled to conducting
electrons [8]. At the characteristic temperature T ∗, the
magnetization of itinerant electrons becomes zero, and
high temperature ferromagnetic phase (T ∗ < T < TC) is
a phase where only localized electrons give contribution
to the magnetization of the system. An anomalous in-
creasing of magnetization below T ∗ is obtained in good
agrement with experimental measurements of the ferro-
magnetic phase of UGe2[9].
The results of the present paper and the previous one
[8] suggest that T ∗ transition from a magnetic phase to
another magnetic phase is a generic feature of the two
magnetic orders systems. The additional phase transi-
tion demonstrates itself through the anomalous temper-
ature variation of the spontaneous magnetization, but
it is important to discuss alternative experimental de-
tections of T ∗ transition. This is why we consider the
FC magnetization curves [2, 3]. For samples cooled in a
field (FC magnetization) the field leads to formation of
a single domain and, in addition, increases the chaotic
order of the spontaneous magnetization of the vanadium
electrons, which is antiparallel with it. As a result the
average value of the vanadium magnetic order decreases
and does not compensate the Mn magnetic order. The
magnetization curves depend on the applied field, and
does not go to zero. For a larger field the (FC) curve
increases when temperature decreases below Neel tem-
perature . It has a maximum at the same temperature
T ∗ < TN as the ZFC magnetization, and a minimum at
T ∗1 < T
∗. Below T ∗1 the magnetization increases mono-
tonically when temperature approaches zero.
The experiments with samples cooled in field (FC mag-
netization) provide a new opportunity to clarify the mag-
netism of the manganese vanadium oxide spinel. The
applied field is antiparallel with vanadium magnetic mo-
ment and strongly effect it. On the other hand the
experiments show that there is no difference between
ZFC and FC magnetization curves when the temperature
runs the interval (T ∗, TN ) [2, 3]. They begin to diverge
when the temperature is below T ∗. This is in accor-
dance with the theoretical prediction that the vanadium
magnetic moment does not contribute the magnetization
when T > T ∗, and T ∗ is the temperature at which the
vanadium ions start to form magnetic order. Because of
the strong field, the vanadium bands are split and part
of the magnetic orders are reoriented to be parallel with
field and magnetic order of Mn electrons. The descrip-
tion of this case is more complicate and requires three
magnetic orders to be involved. When T ∗ < T < TN
only Mn ions have non zero spontaneous magnetization.
At T ∗ vanadium magnetic order antiparallel with mag-
netic order of Mn sets in and partially compensates it.
Below T ∗1 the reoriented magnetic orders give contribu-
tion, which explains the increasing of the magnetization
of the system when the temperature approaches zero.
To conclude, we note that a series of experiments with
different applied field could be decisive for the confirma-
tion or rejection of the T ∗ transition. Increasing the ap-
plied field one expects increasing of T ∗1 and when the field
is strong enough, so that all vanadium electrons are reori-
ented, an anomalous increasing of magnetization below
T ∗ would be obtained as within the ferromagnetic phase
of UGe2 [9].
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